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Abstract
Spacelike surfaces in the Lorentz-Minkowski space L3 can be en-
dowed with two different Riemannian metrics, the metric inherited
from L3 and the one induced by the Euclidean metric of R3. It is well
known that the only surfaces with zero mean curvature with respect
to both metrics are open pieces of the helicoid and of spacelike planes.
We consider the general case of spacelike surfaces with the same mean
curvature with respect to both metrics. One of our main results states
that those surfaces have non-positive Gaussian curvature in R3. As
an application of this result, jointly with a general argument on the
existence of elliptic points, we present several geometric consequences
for the surfaces we are considering. Finally, as any spacelike surface in
L3 is locally a graph over a domain of the plane x3 = 0, our surfaces
are locally determined by the solutions to the HR = HL surface equa-
tion. Some uniqueness results for the Dirichlet problem associated to
this equation are given.
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1 Introduction
A hypersurface in the Lorentz-Minkowski space Ln+1 is said to be spacelike
if its induced metric is a Riemannian one. We can endow a spacelike hyper-
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surface in Ln+1 with another Riemannian metric, the one inherited from the
Euclidean space Rn+1. Therefore, we can consider two different mean cur-
vature functions on a spacelike hypersurface, the mean curvature function
related to the metric induced by Rn+1, that we will denote by HR, and the
one related to the metric inherited from Ln+1, HL.
A hypersurface in Rn+1 is said to be minimal if its mean curvature func-
tion vanishes identically, that is HR ≡ 0. Analogously, a spacelike hypersur-
face in Ln+1 is said to be maximal if HL ≡ 0. This terminology comes from
the fact that minimal (maximal) hypersurfaces locally minimize (maximize)
area among all nearby hypersurfaces sharing the same boundary, see [14].
The study of minimal and maximal hypersurfaces is a topic of wide inter-
est. One of the main results about the global geometry of minimal surfaces
is the well-known Bernstein theorem, proved by Bernstein [5] in 1915, which
states that the only entire minimal graphs inR3 are the planes. Some decades
later, in 1970, Calabi [7] proved its analogous version for spacelike surfaces
in the Lorentz-Minkowski space, the Calabi-Bernstein theorem, which states
that the only entire maximal graphs in L3 are the spacelike planes. An im-
portant difference between both results is that the Bernstein theorem can
be extended to minimal graphs in Rn+1 up to dimension n = 7, but it is no
longer true for bigger dimensions [6]. However, the Calabi-Bernstein theorem
holds true for any dimension as it was proved by Calabi [7] for dimension
n ≤ 4, and by Cheng and Yau [8] for arbitrary dimension.
It is interesting to note that any complete spacelike hypersurface in Ln+1 is
necessarily an entire graph over any spacelike hyperplane, see [3, Proposition
3.3]. Therefore, the Calabi-Bernstein theorem can also be expressed in a
parametric way by asserting that the only complete maximal hypersurfaces
in Ln+1 are the spacelike hyperplanes. This parametric version is not true in
Rn+1, indeed there exists a wide family of examples of non-trivial complete
minimal hypersurfaces in Rn+1.
As an immediate consequence of the above results, we conclude that the
only complete hypersurfaces that are simultaneously minimal in Rn+1 and
maximal in Ln+1 are the spacelike hyperplanes.
Going a step further, we can consider spacelike hypersurfaces with the
same constant mean curvature functions HR and HL. Heinz [12], Chern [9]
and Flanders [10] proved that the only entire graphs with constant mean
curvature HR in R
n+1 are the minimal graphs. There are examples of en-
tire spacelike graphs with constant mean curvature HL in L
n+1 which are
not maximal, for instance the hyperbolic spaces. However, taking into ac-
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count the Calabi-Bernstein theorem, we conclude again that the only com-
plete spacelike hypersurfaces in Ln+1 with the same constant mean curvature
functions HR and HL are the spacelike hyperplanes.
Without assuming any completeness hypothesis, Kobayashi [13] studied
the problem for HR = HL = 0 in the 2-dimensional case. He showed that
the only surfaces that are simultaneously minimal and maximal are open
pieces of a spacelike plane or of a helicoid in the region where the helicoid
is spacelike. However, nothing is known neither for bigger dimension nor for
more general mean curvature functions HR and HL.
Our purpose is to study some local and global geometric properties of
the spacelike surfaces in L3 such that HR = HL, not necessarily constant.
Although we will focus on dimension 2, some results are still true in arbitrary
dimension.
It is well known that any spacelike surface can be locally seen as a graph
over an open domain of a spacelike plane, which without loss of generality can
be supposed to be the plane x3 = 0, see [14]. That is, a spacelike surface is
locally defined by a smooth function u. Therefore, the functions HR and HL
can be written in terms of such a function u and its partial derivatives. In this
way, the identity HR = HL becomes a quasilinear elliptic partial differential
equation, everywhere except at those points at which the Euclidean gradient
of u vanishes, where the equation is parabolic.
In Section 2 we present some basic preliminaries on spacelike hypersur-
faces in Ln+1 and their mean curvature functions with respect to the metrics
inherited from Rn+1 and Ln+1. In the next section we state a result on the ex-
istence of an elliptic point in a hypersurface of Rn+1 under some appropriate
assumptions, and we see that the same result holds for spacelike hypersur-
faces in Ln+1. In Section 4 we consider spacelike surfaces in L3 such that
HR = HL. We prove that for those surfaces KR is always non-positive, and
if the mean curvature does not vanish at a point, then the surface is locally
non-convex at that point, Theorem 4. From this theorem, as well as from
the result on the existence of an elliptic point, we get some consequences to
which the rest of the section is devoted. Specifically, we prove the following
theorems.
Theorem 5. Let Σ be a compact spacelike surface with (necessarily) non-
empty boundary such that HR = HL. Then Σ is contained in the convex hull
of its boundary.
Theorem 6. The only spacelike graphs Σu in L
3 defined over a domain
Ω ⊆ R2 of infinite width, with HR = HL, and asymptotic to a spacelike plane,
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are (pieces of) spacelike planes.
Theorem 8. Let Σu be a spacelike graph in L
3 over a domain Ω ⊆ R2 such
that HR = HL. Then
width(Ω∗) ≤ 1√
2 infΩ∗ |HL|
,
where Ω∗ is the set of points at which the tangent plane is non-horizontal.
Finally, in Section 5 we present the HR = HL surface equation. Any
spacelike surface is locally determined by a solution of this equation satisfy-
ing |Du| < 1, where D and |·| stand for the Euclidean gradient and Euclidean
norm, respectively. We prove the uniqueness of the Dirichlet problem asso-
ciated to this partial differential equation under some appropriate boundary
conditions, Theorem 10. This is not trivial, since the equation is not always
elliptic.
2 Preliminaries
Let Ln+1 be the (n+ 1)-dimensional Lorentz-Minkowski space, that is, Rn+1
endowed with the metric
〈, 〉L = dx21 + ...+ dx2n − dx2n+1,
where (x1, ..., xn+1) are the canonical coordinates in R
n+1, and let | · |L denote
its norm. It is easy to see that the Levi-Civita connections of the Euclidean
space Rn+1 and the Lorentz-Minkowski space Ln+1 coincide, so we will just
denote it by ∇.
A (connected) hypersurface Σn in Ln+1 is said to be a spacelike hypersur-
face if Ln+1 induces a Riemannian metric on Σ, which is also denoted by 〈, 〉L.
Given a spacelike hypersurface Σ, we can choose a unique future-directed unit
normal vector field NL on Σ. Let ∇L denote the Levi-Civita connection in
Σ with respect to 〈, 〉L. Then the Gauss and Weingarten formulae for the
spacelike hypersurface Σ become
∇XY = ∇LXY − 〈ALX, Y 〉LNL
and
ALX = −∇XNL,
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respectively, for any tangent vector fields X, Y ∈ X(Σ), where AL : X(Σ)→
X(Σ) stands for the shape operator of Σ with respect to NL. The mean
curvature function of Σ with respect to NL is defined by
HL = − 1
n
trAL = − 1
n
(kL1 + ...+ k
L
n ),
where kLi , i = 1, ..., n, stand for the principal curvatures of (Σ, 〈, 〉L).
It is well known that there exists no closed (compact and without bound-
ary) spacelike hypersurface in Ln+1 [2, 3]. Therefore, every compact spacelike
hypersurface Σ in the Lorentz-Minkowski space necessarily has non-empty
boundary.
The same topological hypersurface can also be considered as a hypersur-
face of the Euclidean space, that is Rn+1 with its usual Euclidean metric. For
simplicity, we will just denote the Euclidean space by Rn+1, the Euclidean
metric and the induced metric on Σ by 〈, 〉R, and its norm by | · |R. In such
a case, Σ admits a unique upwards directed unit normal vector field, NR. In
an analogous way as in the Lorentzian case, let ∇R denote the Levi-Civita
connection in Σ with respect to 〈, 〉R. The Gauss and Weingarten formulae
read now
∇XY = ∇RXY + 〈ARX, Y 〉RNR (1)
and
ARX = −∇XNR, (2)
respectively, AR : X(Σ)→ X(Σ) being the shape operator of Σ with respect
to NR. The mean curvature function of Σ with respect to NR is defined by
HR =
1
n
trAR =
1
n
(kR1 + ...+ k
R
n ),
where kRi , i = 1, ..., n, stand for the principal curvatures of (Σ, 〈, 〉R).
A spacelike hypersurface is locally a graph over an open domain of the
hyperplane xn+1 = 0, which can be identified with R
n. Therefore, for each
p ∈ Σ there exists an open neighborhood of p, Ω ⊆ Rn, and a smooth function
u ∈ C∞(Ω) such that Σ = Σu on this neighborhood, where
Σu = {(x1, ..., xn, u(x1, ..., xn)) : (x1, ..., xn) ∈ Ω}.
It is easy to check that Σu is a spacelike hypersurface if and only if |Du| < 1,
whereD and |·| stand for the gradient operator and the norm in the Euclidean
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space Rn, respectively. In this case, it is possible to get expressions for the
normal vector fields NL and NR, as well as for the mean curvature functions
HL and HR, in terms of u. Specifically, with a straightforward computation
we get
NL =
(Du, 1)√
1− |Du|2 and NR =
(−Du, 1)√
1 + |Du|2 . (3)
And for the mean curvature functions we have
HL =
1
2
div
(
Du√
1− |Du|2
)
and HR =
1
2
div
(
Du√
1 + |Du|2
)
, (4)
where div denotes the divergence operator in Rn. Let us observe that
cos θ =
1√
1 + |Du|2 and coshψ =
1√
1− |Du|2 ,
where θ and ψ denote the angle between NR and en+1 = (0, ...0, 1) and the
hyperbolic angle between NL and en+1, respectively. Moreover, from (3) it is
immediate to get
〈X,NL〉L
coshψ
= −〈X,NR〉R
cos θ
, (5)
for any X ∈ X(Rn+1) along Σ, which is a global equality since it does not
depend on u. Let us observe that, in the previous expressions, we are writing
Du instead of Du ◦ pi, where pi is the canonical projection of Σu onto Ω.
On behalf of simplicity, we will continue using this identification along the
manuscript.
3 Setup
As a first result, let us see that every compact hypersurface Σ in Rn+1 with
non-empty boundary, ∂Σ, and such that it is not contained in the convex
hull of ∂Σ, necessarily has an elliptic point, that is, a point at which all the
principal curvatures have the same sign. The proof of this result follows the
ideas of the proof of the classical result on the existence of an elliptic point in
a compact surface without boundary in R3. This idea was also used by the
authors jointly with Lo´pez in [1] to prove the existence of an elliptic point in
a non-planar compact spacelike surface in L3 with planar boundary.
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Theorem 1 Let Σ be a compact hypersurface in Rn+1 with non-empty bound-
ary. If Σ is not contained in the convex hull of its boundary, conv (∂Σ), it
necessarily has an elliptic point.
Proof. Let us assume that there exists a point p′ ∈ Σ \ conv (∂Σ). Since
conv (∂Σ) is a compact and convex set, by a classical result in convex ge-
ometry, p′ and conv (∂Σ) can be strongly separated. That is, there exists a
hyperplane Π in Rn+1 such that p′ and conv (∂Σ) are strictly contained in
each one of the two open half-spaces determined by Π (see for instance [15,
Theorem 1.3.4]). Then, it is immediate to see that we can choose q ∈ Rn+1
and % > 0 such that conv (∂Σ) ⊂ Bq(%) and p′ ∈ Sq(%), where Bq(%) is the
open ball in Rn+1 centered at q of radius % and Sq(%) = ∂Bq(%). Conse-
quently, the function f : Σ→ R defined by f(p) = 〈p− q, p− q〉R attains its
maximum at a point p∗ ∈ Σ \ conv (∂Σ), which is in particular an interior
point, see Figure 1.
Figure 1: Existence of an elliptic point.
Therefore,
∇Rf(p∗) = 0 (6)
and
HessRfp∗(v, v) ≤ 0 ∀v ∈ Tp∗ Σ, (7)
where ∇R and HessR denote the gradient and Hessian operators of (Σ, 〈, 〉R).
Observe that for every X ∈ X(Σ) and for every p ∈ Σ it stands that
X(p)(f) = 2〈p− q,X(p)〉R = 〈2(p− q)>, X(p)〉R,
where > denotes the tangent projection to Σ, which implies that
∇Rf(p) = 2(p− q)> = 2(p− q − 〈p− q,NR(p)〉RNR(p)).
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In particular, by (6) we get
〈p∗ − q,NR(p∗)〉R = ±%∗, (8)
where %∗2 = f(p∗).
On the other hand, by the Gauss (1) and Weingarten (2) formulae we
obtain
∇RX∇Rf(p) = 2(X(p) + 〈p− q,NR(p)〉RARX(p)).
Therefore,
HessRfp(v, v) = 2(〈v, v〉R + 〈p− q,NR(p)〉R〈ARp(v), v〉R), ∀v ∈ TpΣ. (9)
Let {e1, ..., en} be an orthonormal basis of Tp∗Σ which diagonalizes ARp∗ ,
that is ARp∗(ei) = k
R
i (p
∗)ei. Then (7) and (9) yield
HessRfp∗(ei, ei) = 2
(
1 + 〈p∗ − q,NR(p∗)〉R kRi (p∗)
) ≤ 0, i = 1, ..., n,
which jointly with (8) implies
kRi (p
∗) ≤ − 1
%∗
< 0, i = 1, ..., n, if 〈p∗ − q,NR(p∗)〉R = %∗ > 0,
and
kRi (p
∗) ≥ 1
%∗
> 0, i = 1, ..., n, if 〈p∗ − q,NR(p∗)〉R = −%∗ < 0.
Consequently, p∗ is an elliptic point. 
Our next goal is to show that Theorem 1 also holds for spacelike hyper-
surfaces in Ln+1. In fact, we will prove that if Σ is a spacelike hypersurface
in Ln+1, a point in Σ is elliptic with respect to the metric 〈, 〉L if and only if
it is elliptic with respect to 〈, 〉R, and so the result follows from Theorem 1.
To arrive to this conclusion we need the following previous result, which will
also be used in the next section.
Lemma 2 Let Σ be a spacelike hypersurface in Ln+1. Given p ∈ Σ and
v ∈ TpΣ, let κLv (p) and κRv (p) denote the normal curvatures at p in the
direction of v with respect to 〈, 〉L and 〈, 〉R, respectively. Then,
|v|2R
cos θ(p)
κRv (p) = −
|v|2L
coshψ(p)
κLv (p).
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Proof. Given p ∈ Σ and v ∈ TpΣ, let α be a smooth curve on Σ such that
α(0) = p and α′(0) = v. We will work at p, but for simplicity we will omit
it. Then, by definition,
κRv = k
R
α 〈nR, NR〉R and κLv = −kLα〈nL, NL〉L,
where kRα and k
L
α denote the curvatures of α with respect to 〈, 〉R and 〈, 〉L,
respectively, while nR and nL are its normal vectors with respect to both
metrics. Therefore, using the classical Frenet formulae we deduce
κRv = 〈∇tRtR, NR〉R and κLv = 〈∇tLtL, NL〉L, (10)
where tR =
α′
|α′|R and tL =
α′
|α′|L . We combine (5) and (10) to finish the proof.

Consequently, κLv and κ
R
v always have opposite signs. And so, all the
principal curvatures of Σ with respect to 〈, 〉R are positive if and only if all
its principal curvatures with respect to 〈, 〉L are negative, and vice versa.
Hence, we have proved the Lorentzian version of Theorem 1.
Theorem 3 Let Σ be a compact spacelike hypersurface in Ln+1 with neces-
sarily non-empty boundary. If Σ is not contained in the convex hull of its
boundary, then it has an elliptic point.
4 Spacelike surfaces with HR = HL
In the following, we focus on dimension 2, and we deal with spacelike surfaces
in L3 endowed with the Riemannian metrics 〈, 〉R and 〈, 〉L. The most im-
portant intrinsic curvature for surfaces is the well-known Gaussian curvature
which is defined as
KR = det(AR) = k
R
1 k
R
2 and KL = −det(AL) = −kL1 kL2
with respect to 〈, 〉R and 〈, 〉L, respectively. Therefore, a point p in a surface
Σ is elliptic with respect to the metric 〈, 〉R if and only if KR(p) > 0, and
with respect to 〈, 〉L if and only if KL(p) < 0. In the case our surface is a
graph over a domain of R2, Σu, we can easily check that
KR =
det (D2u)
(1 + |Du|2)2 and KL = −
det (D2u)
(1− |Du|2)2 ,
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where D2u =
(
uxx uxy
uxy uyy
)
. From the above expressions it is clear that
KRKL ≤ 0 and KR(p) = 0, for any p ∈ Σ, if and only if KL(p) = 0. The last
statement can also be deduced from Lemma 2.
Going back to the mean curvature functions HR and HL, it is interesting
to observe that they have an expression in terms of the normal curvatures of
any pair of orthogonal directions. Specifically,
HR =
1
2
(κRv1 + κ
R
v2
) and HL = −1
2
(κLw1 + κ
L
w2
), (11)
where {v1, v2} and {w1, w2} are orthonormal basis of TpΣ with respect to
〈, 〉R and 〈, 〉L, respectively.
4.1 On the Gaussian curvature of surfaces with HR =
HL
Theorem 4 Let Σ be a spacelike surface in L3 such that HR = HL. Then
KR is everywhere non-positive. Moreover, if KR(p) = 0 for any p ∈ Σ, then
HR(p) = 0. In particular, if the mean curvature at a point does not vanish,
the surface is locally non-convex at that point.
Proof.
We are going to work locally, so we can assume that there exist a domain
Ω ⊆ R2 and a smooth function u ∈ C∞(Ω) such that Σ = Σu. We define Σ∗
as the graph of u over the following open set
Ω∗ = {(x1, x2) ∈ Ω : Du(x1, x2) 6= 0}. (12)
Given p ∈ Σ∗, we consider its corresponding level curve contained in R2 and
we call its lifting to Σ, α. We are working in a neighborhood of p, hence
we can assume that α lies on Σ∗. Since Du 6= 0 in Ω∗, its distribution is
integrable, so we can consider the integral curve through pi(p). We denote by
β its lifting to Σ∗. Therefore, we have two curves defined on a neighborhood
of p which are orthogonal at p for both 〈, 〉R and 〈, 〉L.
The trace of the curve α is given by {(x, y, c) : u(x, y) = c} ⊂ Σ∗ where
c = u(pi(p)), so a vector field tangent to α is α′ = (−uy, ux, 0) ◦ pi. Then,
Lemma 2 gives us the following relationship, where we have omitted the point
p on behalf of simplicity
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κRα′ = −
|α′|2L
|α′|2R
cos θ
coshψ
κLα′ = −
√
1− |Du|2
1 + |Du|2 κ
L
α′ .
On the other hand, it is easy to check that a tangent vector field to β is
given by β′ = (ux, uy, |Du|2) ◦ pi. As a consequence of Lemma 2 we get
κRβ′ = −
|β′|2L
|β′|2R
cos θ
coshψ
κLβ′ = −
(
1− |Du|2
1 + |Du|2
)3/2
κLβ′ .
By denoting A =
√
1−|Du|2
1+|Du|2 , we rewrite the previous relations as
κRα′ = −AκLα′ and κRβ′ = −A3 κLβ′ . (13)
As we are dealing with two orthogonal curves at p for both 〈, 〉R and 〈, 〉L,
and we are assuming HR = HL, from (11) we get
−κLα′ − κLβ′ = κRα′ + κRβ′ ,
which jointly with (13) implies
κLα′ = −(A2 + A+ 1)κLβ′ , (14)
and so
κLα′κ
L
β′ ≤ 0.
Consequently, the same inequality holds for the main curvatures of Σ∗, and
so KL ≥ 0, or equivalently KR ≤ 0 in Σ∗.
Consider now p ∈ Σ\Σ∗. If p ∈ int (Σ\Σ∗), then Σ is locally a horizontal
plane, and so KL(p) = KR(p) = 0. Otherwise p ∈ ∂Σ∗ and KR(p) ≤ 0 by a
continuity argument. So the inequality KR ≤ 0 holds everywhere on Σ.
Finally, if we consider p ∈ Σ∗ such that KR(p) = 0, then KL(p) = 0 and
there cannot exist normal curvatures at p with opposite signs. So, from (14)
we obtain κLα′(p) = κ
L
β′(p) = 0. Hence, HL(p) = 0. If p ∈ Σ \Σ∗, we conclude
the proof by using again a continuity argument.

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4.2 Some consequences
We have just proved that a surface Σ such that HR = HL does not have
any elliptic point, which jointly which Theorem 1 lead to some interesting
geometric consequences, to which the rest of the manuscript is devoted. The
first of them is immediate from both results.
Theorem 5 Let Σ be a compact spacelike surface with (necessarily) non-
empty boundary such that HR = HL. Then Σ is contained in the convex hull
of its boundary.
Let us recall that any spacelike surface is locally a graph Σu over a domain
Ω ⊆ R2. From now on, we will focus on spacelike graphs.
Firstly, we present a uniqueness result for graphs which are asymptotic
to a spacelike plane, where the term asymptotic is defined as follows. We say
that two entire graphs Σu and Σv over R
2 are asymptotic if for every ε > 0
there exists a compact set K ⊂ R2 such that |u(x, y)− v(x, y)| < ε for every
(x, y) ∈ R2 \ K. Observe that, without loss of generality, we can consider
that those compact sets are Euclidean discs of a certain radius. If we define
the width of a set in R2 as the supremum of the diameter of the closed discs
contained in it, the concept of asymptotic graphs is not only well-defined in
the case of entire graphs, but also in the case of graphs over a domain of
infinite width, that is, a domain which contains closed discs of any radius.
Notice that this definition is a generalization of the classical concept of width
for a convex body, see [15].
Theorem 6 The only spacelike graphs Σu in L
3 defined over a domain Ω ⊆
R2 of infinite width, with HR = HL, and asymptotic to a spacelike plane, are
(pieces of) spacelike planes.
Proof. Let us notice that Σu is a graph over any spacelike plane, and in
particular, over the plane to which it is asymptotic. To prove it, it is enough
to observe that if some timelike line intersects Σu twice, the vertical plane
containing that line cuts Σu in a curve which is timelike at some point, which
is a contradiction.
Let us denote by Π the plane to which Σu is asymptotic and let v ∈ C∞(Ω′)
be the function such that Σu = Σv, Ω
′ ⊆ Π being a domain. Notice that the
width of Ω′ is also infinite.
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For any ε > 0 there exists (y1, y2) ∈ Ω′ and R > 0 such that |v(x1, x2)| < ε
for every (x1, x2) ∈ Π \ B¯(y1,y2)(R). By Theorem 5, we know that the graph
of the restriction of v to B¯(y1,y2)(R) is contained in the convex hull of its
boundary. Therefore |v(x1, x2)| ≤ ε for all (x1, x2) ∈ B¯(y1,y2)(R), so this
inequality holds globally on Ω′. Taking limits when ε tends to 0, we conclude
that Σu = Π. 
As another consequence, given a spacelike graph satisfying HR = HL, we
can determine the width of Ω∗, defined as in (12), that is, the set of points
on which the gradient of the function does not vanish, or equivalently, the
points where the tangent plane to the surface is not a horizontal one. We
need a previous result relating the mean curvature of those surfaces and the
curvature of its level curves.
Lemma 7 Let Σu be a spacelike graph in L
3 over a domain Ω ⊆ R2 such
that HR = HL. If k˜ denotes the curvature of the level curves of u, then for
all p ∈ Σ∗
|HL(p)| < 1
2
√
2
|k˜(pi(p))|. (15)
Proof. Following the notation introduced in the proof of Theorem 4, let α
denote the lifting to Σ∗ of a level curve of Σ through a point of Σ∗. We call
α˜ such a level curve. It is possible to relate the normal curvature of Σ∗ along
α in the direction of α′ with the curvature of the planar curve α˜ in R2.
κLα′ = 〈∇tLtL, NL〉L = −
|Du|√
1− |Du|2 〈Dt˜ t˜, n˜〉R2 ◦ pi = −k˜ ◦ pi
|Du|√
1− |Du|2 ,
where D and 〈, 〉R2 stand for the Levi-Civita connection and the usual metric
of the Euclidean plane R2, respectively, and t˜ =
(−uy, ux)
|Du| , n˜ =
−Du
|Du| , k˜ is
the Frenet apparatus of α˜ as a planar curve of R2. Therefore, from (14) we
get
2HL =
A+ 1
A2 + A+ 1
|Du|√
1 + |Du|2 k˜ ◦ pi = f(|Du|)k˜ ◦ pi.
Since f(|Du|) is positive, f is increasing in |Du| and |Du| < 1, we get (15).

Remark 1 It is interesting to notice that the non-strict inequality holds for
any point at which a level curve is defined. The reason is that those points
belong to Ω∗.
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Theorem 8 Let Σu be a spacelike graph in L
3 over a domain Ω ⊆ R2 such
that HR = HL. Then
width(Ω∗) ≤ 1√
2 infΩ∗ |HL|
. (16)
Proof.
If infΩ∗ |HL| = 0, there is nothing to prove.
Otherwise, we have |HL| ≥ infΩ∗ |HL| = c > 0 in Σ∗. And, as a conse-
quence of (15), we get
|κ˜| > 2
√
2 c > 0 in Ω∗. (17)
Firs of all, let us notice that Ω∗ is an open set of R2. We consider all the
level curves in Ω∗, we order them by the value of u on each of them and we
orient them in a way such that its normal vectors point to the direction on
which u decreases.
We proceed by reductio ad absurdum assuming that the width of Ω∗ is
bigger than 1√
2 c
. Then, there exists a point q ∈ Ω∗ such that B¯q
(
1/2
√
2 c
) ⊂
int Ω∗. Since B¯q
(
1/2
√
2 c
)
is compact, u attains a maximum in it. Even
more, Du does not vanish in Bq
(
1/2
√
2 c
)
, and so this extremal value is only
attained on the boundary of the disc.
We pick a point p at which a maximum is attained. The level curve
through p lie in Ω∗ \Bq
(
1/2
√
2 c
)
. And so, it is tangent to the boundary of
the disc at p. The normal vector to the curve at p points to the interior of the
disc, while the curve is not locally contained in it, see Figure 2. Consequently,
(17) does not hold at p, which is a contradiction.
Figure 2: Level curve at p.

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Remark 2 In 1955 Heinz [12] proved that if Σu is a graph over a disc of
radius R and |HR| ≥ c > 0, then R ≤ 1c . When applied to a surface Σu
over a domain Ω such that HR = HL and |HR| ≥ c > 0, it tells us that
width(Ω∗) ≤ 2
c
. Inequality (16) gives us an improved bound.
As a direct consequence of Theorem 8, we get the following result.
Corollary 1 Let Σu be a spacelike graph in L
3 such that HR = HL and
assume that Ω∗ is a set of infinite width. Then infΣu |HL| = 0.
Equivalently, there do not exist spacelike graphs satisfying HR = HL,
|HL| ≥ c for a certain constant c > 0 and width(Ω∗) =∞.
5 A quasi-linear PDE related to spacelike sur-
faces with HR = HL
Once again, we recall that any spacelike surface is locally a graph Σu over a
domain Ω ⊆ R2. From Theorem 6 till the end of last section, we have focused
on spacelike graphs satisfying HR = HL. Thanks to (4), if we consider the
differential operator given by
Q(u) = div
(
Du√
1− |Du|2
)
− div
(
Du√
1 + |Du|2
)
,
those graphs are the solutions to the equation
Q(u) = 0, (18)
satisfying |Du| < 1. We will refer to the above equation as the HR = HL
surface equation.
Let us observe firstly that (18) is an elliptic quasi-linear partial differential
equation, everywhere except at those points where Du = 0, at which it is
parabolic. In fact, it is a straightforward computation to show that (18) can
be expressed as
a11ux1x1 + 2a12ux1x2 + a22ux2x2 = 0,
a11, a12 and a22 being smooth functions on Du such that
a11a22 − a212 =
(
1√
1− |Du|2 −
1√
1 + |Du|2
)2
≥ 0,
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with equality if and only if Du = 0.
By a well-known result by Bernstein [4], the solutions of an elliptic quasi-
linear partial differential equation for an analytic operator Q are always ana-
lytic. Therefore, if u is a solution of (18) with 0 < |Du| < 1, it is necessarily
analytic. However, in general the analyticity of the solutions of (18) cannot
be guaranteed.
Let Ω ⊂ R2 be a bounded domain and ψ ∈ C0(∂Ω). The Dirichlet problem
related to the HR = HL surface equation consists in finding a solution u ∈
C2(Ω) ∩ C0(Ω) to the boundary value problem
Q(u) = 0 in Ω
|Du| < 1 in Ω
u = ψ on ∂Ω
 . (19)
As a consequence of a uniqueness theorem for the Dirichlet problem as-
sociated to quasilinear elliptic operators [11, Theorem 9.3], we get our next
result.
Theorem 9 Let Ω ⊂ R2 be a bounded domain with smooth boundary and
ψ ∈ C0(∂Ω) such that the Dirichlet problem (19) admits a solution u without
critical points. Then, the solution is unique.
Remark 3 It is interesting to observe that [11, Theorem 9.3] holds under
four assumptions on the operator defining the equation, one of which does not
hold in our case. Since we are assuming the spatially condition |Du| < 1,
the coefficients of Q are not well-defined on the whole Ω × R × R2, as it is
required in the last hypothesis, but just on Ω×R×B0(1). However, studying
in detail the proof of the cited theorem, we can realize that it is sufficient to
consider the coefficients defined on Ω×R×B0(1).
It is still more interesting to put emphasis on the fact that the proof does
not work if the ellipticity fails somewhere. Therefore, we can not omit the
hypothesis on the gradient of u. However, as a consequence of Theorem 5,
we get the following result on the uniqueness of the Dirichlet problem under
appropriate boundary values.
Theorem 10 The only solutions to the Dirichlet problem (19) with affine
boundary values are the affine functions.
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Proof. Let u be a solution of (19) and Σu its associated graph. From
Theorem 5, Σu is contained in the convex hull of the graph of ψ, which is
a planar curve. Therefore, the spacelike graph Σu must be contained in a
plane, and consequently u is affine.
In the previous reasoning it is crucial to observe that Theorem 5 also
works for C2- surfaces.
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